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Abstract The Fock-Bargmann-Hartogs domain Dn,m(µ) (µ > 0) in C
n+m is defined by the inequal-
ity ‖w‖2 < e−µ‖z‖2 , where (z, w) ∈ Cn×Cm, which is an unbounded non-hyperbolic domain in Cn+m.
This paper introduces a Ka¨hler metric αg(µ; ν) (α > 0) on Dn,m(µ), where g(µ; ν) is the Ka¨hler metric
associated with the Ka¨hler potential Φ(z, w) := µν‖z‖2 − ln(e−µ‖z‖2 − ‖w‖2) (ν > −1) on Dn,m(µ).
The purpose of this paper is twofold. Firstly, we obtain an explicit formula for the Bergman kernel of
the weighted Hilbert space of square integrable holomorphic functions on (Dn,m(µ), g(µ; ν)) with the
weight exp{−αΦ} for α > 0. Secondly, using the explicit expression of the Bergman kernel, we obtain
the necessary and sufficient condition for the metric αg(µ; ν) (α > 0) on the domain Dn,m(µ) to be a
balanced metric. So we obtain the existence of balanced metrics for a class of Fock-Bargmann-Hartogs
domains.
Key words: Balanced metrics · Bergman kernels · Fock-Bargmann-Hartogs domains · Ka¨hler met-
rics
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1 Introduction
Assume that M is a complex manifold and ϕ is a strictly plurisubharmonic function on M . Let g be a
Ka¨hler metric onM associated with the Ka¨hler form ω =
√−1
2pi ∂∂ϕ. For α > 0, let Hα be the weighted
Hilbert space of square integrable holomorphic functions on (M,g) with the weight exp{−αϕ}, that
is,
Hα :=
{
f ∈ Hol(M) :
∫
M
|f |2 exp{−αϕ}ω
n
n!
< +∞
}
,
where Hol(M) is the space of holomorphic functions on M . Let Kα(z, z) be the Bergman kernel
(namely, the reproducing kernel) of the Hilbert space Hα if Hα 6= {0}. The Rawnsley’s ε-function on
M associated with the metric g is defined by
ε(α,g)(z) := exp{−αϕ(z)}Kα(z, z), z ∈M. (1.1)
Note the Rawnsley’s ε-function depends only on the metric g and not on the choice of the Ka¨hler
potential ϕ. The asymptotics of the Rawnsley’s ε-function εα was expressed in terms of the parameter
α for compact manifolds by Catlin [4] and Zelditch [26] (for α ∈ N) and for non-compact manifolds
by Ma-Marinescu [21, 22, 23]. In some particular case it was also proved by Engliˇs [8, 9].
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Definition 1.1. The metric αg on M is balanced if the Rawnsley’s ε-function ε(α,g)(z) (z ∈M) is a
positive constant on M .
The definition of balanced metrics was originally given by Donaldson [6] in the case of a compact
polarized Ka¨hler manifold (M,g) in 2001, who also established the existence of such metrics on any
(compact) projective Ka¨hler manifold with constant scalar curvature. The definition of balanced
metrics was generalized in Arezzo-Loi [1] and Engliˇs [10] to the noncompact case. We give only the
definition for those Ka¨hler metrics which admit globally defined potentials in this paper.
Balanced metrics play a fundamental role in the quantization of a Ka¨hler manifold (e.g., see Berezin
[2], Cahen-Gutt-Rawnsley [3] and Engliˇs [7]). It also related to the Bergman kernel expansion (e.g.,
see Loi [15] and references therein). For the study of the balanced metrics, see also Feng-Tu [11, 12],
Loi [16], Loi-Mossa [17], Loi-Zedda [18, 19], Loi-Zedda-Zuddas [20] and Zedda [25].
The Cartan-Hartogs domains and the Fock-Bargmann-Hartogs domains are two kinds of typical
Hartogs domains (e.g., see Kim-Yamamori [14]). The Cartan-Hartogs domains are some Hartogs
domains over bounded symmetric domains and there are many researches about the balanced metrics
on the Cartan-Hartogs domains (e.g., see Feng-Tu [11, 12], Loi-Zedda [19] and Zedda [25]). The
Fock-Bargmann-Hartogs domains are some Hartogs domains over Cn, and, however, very little seems
to be known about the existence of balanced metrics on the Fock-Bargmann-Hartogs domains. In
this paper we will obtain the existence of balanced metrics on a class of the Fock-Bargmann-Hartogs
domains. Therefore, together with Feng-Tu [12], the result of the present paper represents an example
of balanced metric on a complex domain which is not homogeneous.
For a given positive real number µ, the Fock-Bargmann-Hartogs domain Dn,m(µ) is a Hartogs
domain over Cn defined by
Dn,m(µ) :=
{
(z, w) ∈ Cn+m : ‖w‖2 < e−µ‖z‖2}, (1.2)
where ‖·‖ is the standard Hermitian norm. The Fock-Bargmann-Hartogs domainsDn,m(µ) are strongly
pseudoconvex, nonhomogeneous unbounded domains in Cn+m with smooth real-analytic boundary.
We note that each Dn,m(µ) contains {(z, 0) ∈ Cn × Cm} ∼= Cn. Thus each Dn,m(µ) is not hyperbolic
in the sense of Kobayashi and Dn,m(µ) can not be biholomorphic to any bounded domain in C
n+m.
Therefore, each Fock-Bargmann-Hartogs domain Dn,m(µ) is an unbounded non-hyperbolic domain
in Cn+m. For the general reference of the Fock-Bargmann-Hartogs domain, see Kim-Ninh-Yamamori
[13], Tu-Wang [24] and references therein.
Now we introduce a new Ka¨hler metric g(µ; ν) on Dn,m(µ). Let ν > −1, and define the strictly
plurisubharmonic function Φ(z, w) on the Fock-Bargmann-Hartogs domain Dn,m(µ) as follows
Φ(z, w) := νµ‖z‖2 − ln(e−µ‖z‖2 − ‖w‖2). (1.3)
The Ka¨hler form ω(µ; ν) on Dn,m(µ) is given by
ω(µ; ν) :=
√−1
2pi
∂∂Φ.
Hence the Ka¨hler metric g(µ; ν) on Dn,m(µ) associated with ω(µ; ν) can be expressed by
g(µ; ν)ij =
∂2Φ
∂Zi∂Zj
(1 ≤ i, j ≤ n+m),
where (Z1, · · · , Zn+m) = (z, w).
In the case of n = 1 and ν = 0, the Ka¨hler metric g(µ; ν) reduces to the canonical metric in Loi-
Zedda [18] with F (x) = exp{−µx}. But, we will see that, in the case of the Fock-Bargmann-Hartogs
domain Dn,m(µ), any metric αg(µ; 0) (α > 0) is not balanced by Th. 1.1 of the present paper.
The main result of the paper is the following.
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Theorem 1.1. Let the Fock-Bargmann-Hartogs domain Dn,m(µ) be endowed with the Ka¨hler metric
g(µ; ν). Then the metric αg(µ; ν) on Dn,m(µ) is balanced if and only if α > m + n, n = 1 and
ν = − 1
m+1 .
The paper is organized as follows. In Section 2, we give an explicit formula for the Bergman kernel
of the weighted Hilbert space of square integrable holomorphic functions on (Dn,m(µ), g(µ; ν)) with
the weight exp{−αΦ} for α > 0, and thus obtain the explicit expression of the Rawnsley’s ε-function
of Dn,m(µ) with respect to the metric g(µ; ν). In Section 3, using the expression of the Rawnsley’s
ε-function, we prove Theorem 1.1.
2 The Rawnsley’s ε-function for Dn,m(µ) with the metric g(µ; ν)
We firstly give the explicit description of automorphism of the Fock-Bargmann-Hartogs domain
Dn,m(µ) as follows.
Lemma 2.1 (Kim-Ninh-Yamamori [13]). The automorphism group Aut(Dn,m(µ)) is generated by all
the following automorphisms of Dn,m(µ):
ϕU : (z, w)→ (Uz,w), U ∈ U(n); (2.1)
ϕV : (z, w) → (z, V w), V ∈ U(m); (2.2)
ϕa : (z, w)→ (z − a, eµ〈z,a〉−
µ
2
‖a‖2w), a ∈ Cn, (2.3)
where U(n) denotes the set of the n× n unitary matrices.
Lemma 2.2. Let F (z, w) := (z − a, eµ〈z,a〉−µ2 ‖a‖2w) (a ∈ Cn) (i.e., an automorphism of Dn,m(µ) of
the form (2.3)). Then we have
∂∂Φ(F ) = ∂∂Φ, (2.4)
and moreover
det
(∂Fj
∂Zi
)
(z0, w0) = e
mµ〈z0 ,a〉−mµ2 ‖a‖2 , (2.5)
where Φ is defined by (1.3) and (Z1, · · · , Zm+n) = (z, w) ∈ Dn,m(µ).
Proof. By the definition of F , we have
Φ(F )
= µν‖z − a‖2 − ln e2µRe〈z,a〉−µ‖a‖2(e−µ‖z‖2 − ‖w‖2)
= µν‖z‖2 − µ(ν + 1)(2Re〈z, a〉 − ‖a‖2)− ln(e−µ‖z‖2 − ‖w‖2).
It follows that
∂∂Φ(F ) = ∂∂Φ.
On the other hand, it is easy to see
(∂Fj
∂Zi
)
(z0, w0) =
(
In×n 0
∗ eµ〈z0,a〉−µ2 ‖a‖2Im×m
)
,
where In×n and Im×m denote the n × n and m×m diagonal matrices with the diagonal elements 1,
respectively. It implies
det
(∂Fj
∂Zi
)
(z0, w0) = e
mµ〈z0,a〉−mµ2 ‖a‖2 .
The proof is finished.
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Lemma 2.3. Let Φ be defined by (1.3). Then we have
det
(
∂2Φ
∂Zi∂Zj
)
(z, w) =
µn
[
ν + (1− ‖w˜‖2)−1]n
(1− ‖w˜‖2)m+1 e
mµ‖z‖2 , (2.6)
where (Z1, · · · , Zm+n) = (z, w) ∈ Dn,m(µ) and w˜ is defined by
w˜ := e
µ
2
‖z‖2w. (2.7)
Proof. For any (z0, w0) ∈ Dn,m(µ), consider the automorphism F of Dn,m(µ) as follows:
F (z, w) := (z − z0, eµ〈z,z0〉−
µ
2
‖z0‖2w).
Thus, F (z0, w0) = (0, w˜0), where w˜0 = e
µ
2
‖z0‖2w0. Due to (2.4), we get
det
(
∂2Φ(F )
∂Zi∂Zj
)
(z0, w0) = det
(
∂2Φ
∂Zi∂Zj
)
(z0, w0). (2.8)
Since (
∂2Φ(F )
∂Zi∂Zj
)
(z0, w0) =
(∂Fj
∂Zi
)( ∂2Φ
∂Zi∂Zj
)
(F (z0, w0))
( ∂Fi
∂Zj
)
, (2.9)
by combining with (2.8), we have
det
(
∂2Φ
∂Zi∂Zj
)
(z0, w0) =
∣∣∣∣ det (∂Fj∂Zi )(z0, w0)
∣∣∣∣2 det( ∂2Φ∂Zi∂Zj
)
(F (z0, w0)). (2.10)
Note the formula (2.5) implies ∣∣∣∣det (∂Fj∂Zi )(z0, w0)
∣∣∣∣2 = emµ‖z0‖2 . (2.11)
By (1.3), we have
∂2Φ
∂zi∂zj
(z, w) =µνδij +
1
(1− ‖w˜‖2)2
[
µδij(1− ‖w˜‖2) + µ2zizj
]‖w˜‖2,
∂2Φ
∂zi∂wj
(z, w) =
µe
µ
2
‖z‖2ziw˜j
(1 − ‖w˜‖2)2 ,
∂2Φ
∂wi∂wj
(z, w) =
eµ‖z‖2
(1− ‖w˜‖2)2
[
δij(1− ‖w˜‖2) + w˜iw˜j
]
.
In particular, when we evaluate at (0, w˜0), we obtain(
∂2Φ
∂Zi∂Zj
)
(0, w˜0) =
(
µ
[
ν + (1 − ‖w˜0‖2)−1
]
In×n 0
0 11−‖w˜0‖2 Im×m +
1
(1−‖w˜0‖2)2 w˜0
t
w˜0
)
,
which implies
det
(
∂2Φ
∂Zi∂Zj
)
(0, w˜0) =
µn
[
ν + (1− ‖w˜0‖2)−1
]n
(1− ‖w˜0‖2)m+1 . (2.12)
Therefore, combining (2.10), (2.11) and (2.12), we get (2.6). The proof is completed.
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Lemma 2.4. For α > m+ k − 1, the following multiple integration exists and
∫ 1
0
dxm · · ·
∫ 1− m∑
i=2
xi
0
(
1−
m∑
i=1
xi
)α−m−k m∏
i=1
x
qi
i dx1 =
m∏
i=1
Γ(qi + 1)Γ(α −m− k + 1)
Γ(α+
∑m
i=1 qi − k + 1)
,
where q = (q1, · · · , qm) ∈ (R+)m, here R+ denotes the set of positive real numbers.
Proof. The proof is trivial, we omit it.
Lemma 2.5. For any p ∈ Nn, q ∈ Nm and α > m+ n, we have
‖zpwq‖2 =
n∏
i=1
Γ(pi + 1)
m∏
i=1
Γ(qi + 1)
[µ((ν + 1)α + |q|)]|p|χ(α, |q|) , (2.13)
where wq, |q|, χ(α, |q|) and ‖zpwq‖2 are given by
wq :=
m∏
j=1
w
qj
j , |q| =
m∑
j=1
qj,
χ(α, |q|) := [(ν + 1)α + |q|]
n
n∑
d=0
(
n
d
)
νn−d Γ(α−m−d)Γ(α−d+|q|)
(2.14)
and
‖zpwq‖2 :=
∫
Dn,m(µ)
|zpwq|2 exp{−αΦ}ω(µ; ν)
m+n
(n+m)!
(2.15)
for w := (w1, . . . , wm), q := (q1, . . . , qm).
Proof. Firstly, it is well known that(√−1
2pi ∂∂Φ
)n+m
(n+m)!
= det
(
∂2Φ
∂Zi∂Zj
)
ωn+m0
(n+m)!
,
where ω0 =
√−1
2pi
∑n+m
i=1 dZi ∧ dZi. Therefore, by Lemma 2.3, we obtain
‖zpwq‖2 = µ
n
pin+m
∫
Dn,m(µ)
|z|2p|w|2qe−µ((ν+1)α−m)‖z‖2(1−‖w˜‖2)α−m−1[ν+(1−‖w˜‖2)−1]ndm(z)dm(w),
where dm is the Euclidean measure. Thus, by using the polar coordinates (namely, zj = rje
iθj ,
wl = kle
iθl), it follows
‖zpwq‖2 = 2n+mµn
∫
‖k‖2<e−µ‖r‖
2
r≥0,k≥0
r2p+1k2q+1e−µ((ν+1)α−m)‖r‖
2
(1−‖k˜‖2)α−m−1[ν+(1−‖k˜‖2)−1]ndrdk,
where k˜ = e
µ
2
‖r‖2k, r = (r1, · · · , rn) and k = (k1, · · · , km). Therefore, by setting si = r2i (1 ≤ i ≤ n)
and tj = k
2
j (1 ≤ j ≤ m), we have
‖zpwq‖2 = µn
∫
m∑
i=1
ti<e
−µ
n∑
i=1
si
ti≥0,si≥0
sptqe
−µ((ν+1)α−m)
n∑
i=1
si
(1−
m∑
i=1
t˜i)
α−m−1[ν + (1− m∑
i=1
t˜i)
−1]ndsdt,
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where t˜i = e
µ
n∑
i=1
si
ti, and so it follows
‖zpwq‖2 = µn
∫
(R+)n
spe
−µ((ν+1)α+|q|)
n∑
i=1
si
ds
∫
m∑
i=1
t˜i<1
t˜i≥0
n∑
d=0
(
n
d
)
νn−d(1−
m∑
i=1
t˜i)
α−m−1−d t˜qdt˜.
Since α > m+ n, by Lemma 2.4, we have
‖zpwq‖2 = µn
n∑
d=0
(
n
d
)
νn−d
m∏
i=1
Γ(qi + 1)Γ(α −m− d)
Γ(α− d+ |q|)
∫
(R+)n
spe
−µ((ν+1)α+|q|)
n∑
i=1
si
ds.
By the definition of Gamma functions, we obtain
‖zpwq‖2 = µn
n∑
d=0
(
n
d
)
νn−d
n∏
i=1
Γ(pi + 1)
m∏
i=1
Γ(qi + 1)Γ(α −m− d)
Γ(α− d+ |q|)[µ((ν + 1)α + |q|)]|p|+n .
The proof is completed.
Theorem 2.6. Let (Dn,m(µ), g(µ; ν)) be the Fock-Bargmann-Hartogs domain Dn,m(µ) endowed with
the metric g(µ; ν). Then, for α > m+ n, the Bergman kernel of the weight Hilbert space Hα defined
by
Hα :=
{
f ∈ Hol(Dn,m(µ)) :
∫
Dn,m(µ)
|f |2 exp{−αΦ}ω(µ; ν)
m+n
(n+m)!
<∞
}
can be expressed as follows
Kα(z, w, z, w) = (α−m− n)m+neµ(ν+1)α‖z‖2
∑
q∈Nm
ψ(α, |q|) Γ(|q|+ α)
Γ(α)
m∏
i=1
Γ(qi + 1)
w˜qw˜q, (2.16)
where (α)k and ψ(α, |q|) are defined by
(α)k :=
Γ(α+ k)
Γ(α)
= α(α + 1) · · · (α+ k − 1)
and
ψ(α, |q|) := Γ(α−m− n)χ(α, |q|)
Γ(α+ |q|) . (2.17)
Proof. Since
{
zpwq
‖zpwq‖
}
constitute an orthonormal basis of Hα, we have
Kα(z, w, z, w) =
∑
p∈Nm,q∈Nm
zpwqzpwq
‖zpwq‖2 (2.18)
by the Fock-Bargmann-Hartogs domain Dn,m(µ) being a Reinhardt domain. The formula (2.13)
implies that
Kα(z, w, z, w)
=
∑
p∈Nm,q∈Nm
[µ((ν + 1)α + |q|)]|p|χ(α, |q|)
n∏
i=1
Γ(pi + 1)
m∏
i=1
Γ(qi + 1)
zpwqzpwq
=
∑
q∈Nm
eµ((ν+1)α+|q|)‖z‖
2 χ(α, |q|)
m∏
i=1
Γ(qi + 1)
wqwq
=eµ(ν+1)α‖z‖
2
∑
q∈Nm
χ(α, |q|)
m∏
i=1
Γ(qi + 1)
w˜qw˜q,
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where w˜ is defined by (2.7). By simplifying the above formula, we have
Kα(z, w, z, w)
=(α−m− n)m+neµ(ν+1)α‖z‖2
∑
q∈Nm
Γ(α−m− n)χ(α, |q|)
Γ(α+ |q|)
Γ(α+ |q|)
Γ(α)
m∏
i=1
Γ(qi + 1)
w˜qw˜q
=(α−m− n)m+neµ(ν+1)α‖z‖2
∑
q∈Nm
ψ(α, |q|) Γ(|q|+ α)
Γ(α)
m∏
i=1
Γ(qi + 1)
w˜qw˜q.
So we finish the proof.
Now we give the explicit expression of the Rawnsley’s ε-function of the Fock-Bargmann-Hartogs
domain (Dn,m(µ), g(µ; ν)) as follows.
Theorem 2.7. Suppose (Dn,m(µ), g(µ; ν)) is the Fock-Bargmann-Hartogs domain Dn,m(µ) endowed
with the metric g(µ; ν). Then the explicit expression of the Rawnsley’s ε-function of (Dn,m(µ), g(µ; ν))
is given by
ε(α,g(µ;ν)) = (α−m− n)m+n(1− ‖w˜‖2)α
∑
q∈Nm
ψ(α, |q|) Γ(|q|+ α)
Γ(α)
m∏
i=1
Γ(qi + 1)
w˜qw˜q. (2.19)
Proof. In fact, by the definition (1.1), we have
ε(α,g(µ;ν)) = e
−αΦ(z,w)Kα(z, w, z, w),
and by the definition (1.3), we get
e−αΦ(z,w) = e−µ(ν+1)α‖z‖
2
(1− ‖w˜‖2)α.
Therefore, by (2.16), we obtain
ε(α,g(µ;ν)) = (α−m− n)m+n(1− ‖w˜‖2)α
∑
q∈Nm
ψ(α, |q|) Γ(|q|+ α)
Γ(α)
m∏
i=1
Γ(qi + 1)
w˜qw˜q. (2.20)
The proof is finished.
3 The proof of main results
We at first give the following lemma.
Lemma 3.1 (see D’Angelo [5] Lemma 2). Let x = (x1, · · · , xm) ∈ Rm with ‖x‖ < 1 and s ∈ R with
s > 0. Then ∑
q∈Nm
Γ(|q|+ s)
Γ(s)
m∏
i=1
Γ(qi + 1)
x2q =
1
(1− ‖x‖2)s . (3.1)
Now we give the proof of our main result.
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The proof of Theorem 1.1. Firstly, we must ensure that the weighted Hilbert space Hα will not reduce
to zero subspace. In our case, it is easy to see
Hα 6= {0} ⇐⇒ α > m+ n.
In fact, if α > m + n, then by Lemma 2.5, Hα 6= {0}. Conversely, if Hα 6= {0}, we assume
f(z, w) ∈ Hα \ {0}. Since Dn,m(µ) is a complete Reinhardt domain, f(z, w) can be expressed by
f(z, w) =
∑
β
fβ(z)w
β ,
where the series is uniformly convergent on any compact subset of Dn,m(µ) and every fβ is holomorphic
on Cn. So we have
‖f‖2 =
∑
β
µn
pin+m
∫
Dn,m(µ)
|fβ|2|w|2βe−µ((ν+1)α−m)‖z‖
2
(1− ‖w˜‖2)α−m−1[ν + (1− ‖w˜‖2)−1]ndV < +∞.
Note ‖w˜‖ = ‖eµ2 ‖z‖2w‖ < 1 on Dn,m(µ) by definition. Thus, for each β, we have
µn
pin+m
∫
Dn,m(µ)
|fβ|2|w|2βe−µ((ν+1)α−m)‖z‖
2
(1− ‖w˜‖2)α−m−1[ν + (1− ‖w˜‖2)−1]ndV ≤ ‖f‖2 < +∞.
Assume fβ0 6≡ 0 on Cn. Thus, by Fubini’s Th., we have
n∑
d=1
(
n
d
)
νn−d
∫
‖w˜‖2<1
|w˜|2β0(1− ‖w˜‖2)α−m−1−ddw˜ < +∞.
Hence we have α−m− 1− d > −1 for all 1 ≤ d ≤ n. Therefore α > m+ n.
Secondly, from (2.19), we know that ε(α,g(µ;ν))(z, w) is independent of (z, w) if and only if there
exists a constant λ with respect to (z, w) such that
(1− ‖w˜‖2)−α = λ
∑
q∈Nm
ψ(α, |q|) Γ(|q|+ α)
Γ(α)
m∏
i=1
Γ(qi + 1)
w˜qw˜q. (3.2)
Thus, by Lemma 3.1, we get that ψ(α, |q|) is a constant with respect to |q|. From (2.14) and (2.17),
we get
ψ(α, |q|) = [(ν + 1)α+ |q|]
n
n∑
d=0
(
n
d
)
νn−d(α−m− n)n−d(α − d+ |q|)d
, (3.3)
and, obviously, ψ(α, |q|) tends to 1 as |q| → ∞. Thus ε(α,g(µ;ν))(z, w) is a constant if and only if for
any x, y ∈ R,
[(ν + 1)x+ y]n =
n∑
d=0
(
n
d
)
νn−d(x−m− n)n−d(x− d+ y)d. (3.4)
Now we claim that (3.4) holds if and only if
n = 1, ν = − 1
m+ 1
.
Indeed, if (3.4) holds, then by setting x+ y = 1 in (3.4), we have
(νx+ 1)n = νn(x−m− n)n. (3.5)
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If ν = 0, it is impossible that (3.5) holds. Thus we assume ν 6= 0. Then (3.5) implies(
x+
1
ν
)n
=
n∏
j=1
(x−m− j). (3.6)
Since the right side of the above formula has no multiple divisor, we have n = 1, and so
−1
ν
= m+ 1⇒ ν = − 1
m+ 1
.
On the other hand, it is easy to see that (3.4) holds when n = 1 and ν = − 1
m+1 . The proof is
finished.
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